We present a scheme to generate entangled photons using the NV centers in diamond. We show how the long-lived nuclear spin in diamond can mediate entanglement between multiple photons thereby increasing the length of entangled photon string. With the proposed scheme one could generate both n-photon GHZ and cluster states. We present an experimental scheme realizing the same and estimating the rate of entanglement generation both in the presence and absence of a cavity.
With controlled generation and manipulation, quantum states of light are efficient carriers of quantum information with applications in quantum computing (QC), communications and cryptography. One of the major drawbacks with optical quantum information processing (QIP) is the absence of suitable nonlinear interactions to realize universal quantum gates, for example a CNOT gate between two photonic qubits. To overcome this difficulty one may choose the implementation of desired quantum computation through a one-way quantum computer model [1] which requires the initialization of the quantum register in a globally entangled cluster state. The computation is then followed by performing only single qubit measurements. The one-way quantum computer or the measurement-based quantum computation using photonic qubits (polarization states) has already been shown to be a fault-tolerant model for QC and is tolerant to qubit losses [2] . The main hurdle in realizing optical QIP using this scheme is the generation of multi-qubit cluster state, the key initialization step of the model. While the experimental implementations succeeded to generate 6-qubit photonic cluster state optically [3] , scaling this number further is not so clear. To this end there have been proposals to use solid-state emitters such as a periodically pumped quantum dot (QD) for the generation of a one-dimensional cluster states [4, 5] . In this work we consider another possible solidstate system, the NV centers in diamond, to generate multi-photon entangled states.
The NV center provides a hybrid spin system in which electron spins are used for fast [6] , high-fidelity control [7] and readout [8, 9] , and nuclear spins are wellisolated from their environment yielding ultra-long coherence time [10] . Electron and nuclear spins could form a small-scale quantum register [11] [12] [13] allowing for e.g. necessary high-fidelity quantum error correction [11] . Furthermore, the NV electron spin can be entangled with an emitted optical photon [14, 15] and further quantum entanglement [16] and quantum teleportation [17] between two remote NV centers have already been experimentally demonstrated. We have also recently demonstrated the ability of this solid-state device to store quantum information from a light field into the defect spins and a repetitive readout of the memory, essential for scalable networks. In addition there have been other proposals to create large scalable QIP in diamond using a photonic architecture [18] where cluster/topological states of the long-lived nuclear spins in various defect centers are generated using photons. Here we show the reverse where the nuclear spin of a single defect center can mediate the entanglement between photons thereby generating large strings of entangled photons.
The basic element of our system is a single NV center consisting of an electronic spin (S=1) and intrinsic 14 N nuclear spin (I=1), coupled by hyperfine interaction. The interaction with optical photons in a Λ system forms the basis of our scheme, and is shown Fig.  (a) . The three-level Λ system is formed by the two ground states of the electron {| + 1 e , | − 1 e and an excited state |A 2 (1) . Owing to zero magnetic moment of the electron spin in the |A 2 state [19] and total angular momentum conservation, both ground states can be excited to the same state |A 2 (1) through absorption of a photon with σ + and σ − polarization respectively. We start with the two ground states being degenerate and the NV spin system prepared in superposition state
(|σ + + |σ − ) and in resonance with the A 2 transition is sent into the NV center. After absorption of a photon, the collective photon-NV spin system is projected into the state |A 2 , and hence the electron photon state after subsequent emission would remain in the entangled state |ψ
. Since the excitation process is like a projective measurement in the excited state basis, re-exciting the NV-system by a second photon pulse would immediately disentangle the first photon and the total state after the emission would |ψ
(|σ + + |σ − ). Hence by post selecting only the absorption events one can see that the electron spin alone cannot mediate the entanglement between multiple photons as found in other solid-state proposals [4] . For this we use the hyperfine interaction with its nuclear spin to transfer the entanglement of the electron with the emitted photons to the nuclear spin as detailed below.
FIG. 1. a,
The relevant level structure of the NV, with excited state |A 2(1) = |E− | + 1 e ± |E+ | − 1 e , and ground states |E0 ⊗ |ms e |mn n , where |E0,± are orbital states with angular momentum projection 0, ±1 respectively. |ms = 0, ±1 e and |mn = 0, ±1 n are corresponding eigenstates of the electron spin and the 14 N nuclear spin. The spatial part of the wave function |E0 is not explicitly written for simplicity when referring to ground states. The Λ system is highlighted. The individual manipulation of electron and nuclear spins by the microwave (MW) and radio-frequency (RF) fields is also shown in the figure. b, Circuit diagram for generating a 3-photon entangled state via the nuclear spin. H indicates the Hadamard gate on the electron spin in the two-level basis |± e , X and Y are the standard controlled Pauli operations performed on the nuclear spin conditioned on the state of the electron. The interaction of the electron spin with the incoming photon is represented as a Bell type measurement (B) on the electron-photon system projecting it onto the entangled state
. Finally a measurement on the nuclear spin will project the N -photon state onto to the GHZ (b1) or cluster state (b2) as detailed in the text.
After the absorption and emission of first photon the electron spin gets entangled to the photon, |ψ
(1) e as described above. Before re-pumping the NV system with the second photon we perform a C-NOT between the NV electron spin (see Fig. 1(b) ) and its intrinsic 14 N spin, thus entangling them, viz., |ψ
, where | ± 1 n are the basis states of the nuclear spin. A subsequent absorption and emission of the photon would leave the total system in the state, |ψ
n , where the electron is now entangled with the second photon and the nuclear spin entangled to the first photon. Following the circuit diagram in Fig. 1(b 1 ) , and after the absorption of the third photon the nuclear spin and the two photons are now projected on to the tripartite entangled state where the two photons are in the maximally entangled GHZ state for any spin projection of the nuclear spin viz..,
where |G
Continuing this procedure further as shown in Fig. 1(b 1 ), a n-photon GHZ state is generated after the electron has been excited by a (n + 1) th photon. Instead if we manipulate the electron spin with different local operations as shown in Fig. 1(b 2 ) we can for example project the nuclear spin and the two photons onto a different tripartite entangled state as shown below after the absorption of the third photon.
Rewriting |σ ∓ as |0(1) , C
0(1) one can see that we have created a two-photon cluster state [20] 
where Z is the Pauli operator. Here we would like to highlight the possibility that by controlling the solidstate spins we could project the n-photon state onto different entangled states. The proposed scheme can be implemented efficiently at low temperatures (T<8 K) in a low strain (≈1. [14] . At such temperatures the optical transitions are well resolved allowing for resonant excitation to perform efficient initialization and projective high-fidelity single shot readout on the electron spin. The degeneracy of the ground states can be maintained by switching off any external magnetic field. In addition we can maintain the coherence of the nuclear spin for about a minute a key parameter in our proposal. In solid-state proposals using electrons spin the rapid decoherence of the electronic spin could be a serious bottleneck for scalable production of entangled photons, which we could overcome in our present protocol. Due to the finite operation time for entangling each outgoing photon with the nuclear spin there is a time delay τ between any two subsequent emissions. This immediately requires the emitted photon to be stored in a single mode optical fiber at the mode frequency of the Zero Phonon Line (ZPL) of NV. Due to long T 1 the nuclear spin does not flip and hence the emitted photon remains entangled with it till the next photon arrives.
The next important factor to consider is the case where the electron spin is in the dark state to the applied laser field. To see this one can rewrite the entangled state of the total system , To overcome this problem and only obtain a m-photon state consistently by only bright state absorptions we switch on two lasers allowing for an individual excitation on the transitions first to | ± 1 ↔ |A 1 followed by the entangling transition | ± 1 ↔ |A 2 . If the electron is in the wrong state (dark state) then the |A 1 transition will populate it to the |0 e state, thereby ending the operation cycle as no more absorption is possible (by this we eliminate the errors due to the dark state evolution in the presence of gate operations and hyperfine coupling that could mix it with the bright state). Instead if the electron is in the correct state (bright state) it does not get excited to |A 1 and absorbs a photon resonant with |A 2 transition. The probability of having m photons entangled at the end of an operation cycle is given by
for N m. For example one can choose the time for an operation cycle t = N τ (τ is the separation between any two subsequent photons incident on the NV). With a typical time scale of τ = 1µs, one may choose an operation time of t = 100µs, so that in 1000 repetitions there will be ∼ 62 events where the minimum length of the entangled chain of photons would be 5, and two events with a minimum length of the entangled chain of photons being 10. These numbers are estimated for 100% collection efficiencies. For example in current experimental setup without a cavity, the probability to observe an entangled state with at least two-photons is ∼ 100s. Such low efficiency is also reported in the heralded entanglement with two NV's, where an entanglement event has been detected for every 2 minutes [16] .
To get closer to the ideal estimate for the number of entangled photons one can use a cavity to boost the emission into ZPL. For example it was recently shown in NV coupled photonic crystal cavity experiment [21] that in the presence of a cavity 70% of the emission would be in the ZPL, and with an achievable collection efficiency of ∼ 90% ZPL photons we achieve a 10-photon entangled state per second.
We now estimate the fidelity of the m-photon entangled state generated in the presence of various errors arising from imperfect gates operations and by dephasing of the electron/nuclear spin coherence by the surrounding spin-bath. Though the nuclear spin coherence time is limited by the T 1 time of the electron, one should also consider the decoherence effects arising from the direct nuclear coupling with the surrounding spins as the nuclear spin coherence should survive for few minutes if one has to achieve entanglement larger number of photons. We now analyze these errors individually and compare them.
During the protocol we perform multiple Hadamard and C-NOT gate operations (see Fig. 1(b) ) which entangles (mixes) the basis states of electron and nuclear spins. Any random phase obtained by these spins are eventually transferred into the m-photon state as the photons are always entangled to the nuclear spin. To see this we shall consider the case where the nuclear spin obtains a random-phase η during the |A 2 (1) transition. Due to this the two-photon entangled state given in Eq. (1) gets modified to
where |G that realize the Hadamard and CNOT gates. We would also like to note that for the present physical system imperfect Hadamard gate will also lead to population loss outside the qubit subspace as it is performed indirectly via the |0 e state [22] . This will not directly effect the fidelity but decreases the event rate as discussed earlier.
In addition to the unitary pulse errors, there are other non-unitary errors which would arise as the electron and nuclear spin are coupled to a spin-bath comprised of the surrounding 13 C nuclear spins. The 14 N nuclear spin is continuously evolving (dominant phase evolution) under the hyperfine (dipolar) coupling with both the spin-1 (electron) and spin-1/2 ( 13 C nuclear spins). Owing to the large quadrupolar splitting of the nuclear spin and the large zero field splitting of the electron spin, all the non-secular terms that induce flips of the electron and nitrogen nuclear spin can be safely neglected, and the Hamiltonian of the whole system in the interaction picture can be simplified to a pure dephasing model
where the hyperfine coupling tensor of describing the interaction with the j th -bath spin located at r ej is given by A e,j = µ0 4π ), and A is the hyperfine coupling between the electron and 14 N nuclear spin. Since the electron itself is interacting strongly with the 13 C spin-bath, the nuclear spin sees an effective bath interaction (gradient magnetic field) through its hyperfine interaction with the electron spin along with the direct dipoledipole interaction to the 13 C nuclear spin-bath (which is generally assumed to be weak). The additional phase gained by both the electron and nuclear spins due to their mutual hyperfine coupling is a more systematic error and can be canceled by a simple Hahn echo on the electron spin. Due to the quasi-static nature of the bath, the random phase obtained by the nuclear spin would reduce the entanglement fidelity as the phase enters into the photonic state after every absorption event. In Fig.  2 we show the reduction of the fidelity with increasing m.
In conclusion we show that the long-lived nuclear spins in diamond could be a resource to mediate (generate) entanglement between single photons. The long T 1(2) times of these spins allow for a controlled creation of multi-photon GHZ or cluster states, which could be useful for QIP with photons. Due to a very small coupling to the surrounding spin-bath random phase errors have less harmful effects that the errors in gate operations of the same order. We predicted the generation of an entangled photon string with a minimum length of 10 photons per second in the presence of a cavity, where the emission of outgoing photons into the ZPL and the detection efficiencies are quite high. These solid-state spins both with their ability to store quantum information from the incoming photons and generate entangled pairs could have a promising impact to the field of quantum communications where on demand generation of high fidelity entangled photons and their storage is quintessential.
